The MIT Faculty has made this article openly available. Please share how this access benefits you. Your story matters. We develop heterodyned dispersed vibrational echo spectroscopy (HDVE) and demonstrate the the new capabilities in biophysical applications. HDVE is a robust ultrafast technique that provides a characterization of the real and imaginary components of third-order nonlinear signals with high sensitivity and single-laser-shot capability, and can be used to extract dispersed pump-probe and dispersed vibrational echo spectra. Four methods for acquiring HDVE phase and amplitude spectra were compared: Fourier transform spectral interferometry, a new phase modulation spectral interferometry technique, and combination schemes. These extraction techniques were demonstrated in the context of protein amide I spectroscopy. Experimental HDVE and heterodyned free induction decay amide I spectra,were explicitly compared to conventional dispersed pump-probe, dispersed vibrational echo, and absorption spectra. The new capabilities of HDVE were demonstrated by acquiring singleshot spectra and melting curves of ubiquitin and concentration-dependent spectra of insulin suitable for extracting the binding constant for dimerization. The introduced techniques will prove particularly useful in transient experiments, studying irreversible reactions, and μM concentration studies of small proteins.
I. Introduction
Due to their structural sensitivity and ultrafast time resolution, femtosecond nonlinear infrared (IR) spectroscopies are increasingly being used in studies of chemical dynamics in solution and biophysical assays of proteins 1, 2 , peptides 3 , and nucleic acids 4 to reveal structure and time dependent changes.
Third-order nonlinear vibrational spectroscopy is particularly powerful because the use of multiple pulses maps out vibrational couplings, measures anharmonicities, and can separate homogeneous and inhomogeneous contributions to absorption lineshapes. Each of these features ultimately increases structural sensitivity and aids in the ability to resolve overlapping peaks 5 . Two-dimensional infrared (2D IR) spectroscopy is the most complete characterization of the third-order vibrational response, but methods that retain nonlinear information and can be acquired and processed quickly or which can be used in single-laser-shot mode are in demand for probing transient and/or irreversible chemical and biophysical dynamics. Two frequency-dispersed probing techniques, dispersed pump-probe (DPP) and dispersed vibrational echo (DVE) meet these requirements yet they have certain disadvantages. 6 DPP spectra scale linearly with population and are related to changes in sample absorption, but signal levels are small and phase extraction requires certain assumptions. DVE spectra are background-free, but, as amplitude-squared measurements, have signal cross terms that make proportionality to concentration or structure ambiguous. Also, since DVE scales as electric field squared, its intensity scales unfavorably for samples in dilute solutions or with weak transitions.
In this work, we report on the development and characterization of methods that provide linear and phase-sensitive detection of the third-order nonlinear response. Heterodyne detection 7 has been an invaluable method for amplifying and characterizing the weak signal electric field in third-order measurements, 8 but 2D IR relies on a Fourier transform (FT) of a set of time domain data to separate phase and amplitude information. Applying a number of alternate phase-sensitive detection protocols, we have developed heterodyned dispersed vibrational echo (HDVE) spectroscopy, a single-dimension frequency domain measurement of the signal generated by three time-coincident femtosecond infrared 4 pulses. HDVE is related to the projection of the 2D IR spectrum onto the detection axis, and therefore, like DPP and DVE, carries the cross-peak information of the 2D IR spectrum, but may be collected ~250-500 times faster than a 2D IR dataset. In addition, the HDVE measurement can be used to reconstruct both DVE and DPP spectra. Additionally, we show that the complex linear response can be extracted from an analogous broadband heterodyne-detected measurement of the free induction decay (FID), similar to methods that have been used in the optical and terahertz regimes. 9, 10 The new capabilities are demonstrated using protein amide I HDVE spectroscopy to measure the melting curve of ubiquitin, the dissociation constant of insulin, and to extract the DPP and DVE spectra of ubiquitin from a single laser shot.
II. Signal Detection Methods

A. Heterodyne Detection
In both linear and nonlinear ultrafast coherent spectroscopy, the signal electric field is radiated as a result of the polarization induced in the sample by incident laser pulses. This real, time-domain field, () Et  , can be expressed through a FT as a complex spectral field, () E  , with amplitude, e, and phase, 
Through phase or amplitude modulation, the spectral interferogram can be obtained by subtracting the square terms to leave the cross term,
The cross-term amplifies the signal intensity and creates linear proportionality between the measured intensity change and electric field amplitude. The cross-term is also sensitive to the phase difference between the signal and LO
In order to extract the phase difference, the quadrature spectral interferogram component, S , which may be calculated through Kramers-Kronig relations or phase modulation, is used:
In the text, S denotes the in-phase, real, or cosine component of the spectral interferogram while S denotes the in-quadrature, imaginary, or sine component. We also define a complex spectral
Heterodyned Ultrafast Free Induction Decay
The complex linear spectrum may be measured through heterodyne detection of an ultrafast broadband pulse transmitted through the sample. In this case, the transmitted electric field is 
Here 0,LO   is the phase difference between the incident excitation field and local oscillator. For comparison, the intensity of the transmitted infrared beam, which is used in conventional absorption spectroscopy, is given by
Conventional absorption measurements only measure the change in the absorptive component of a sample relative to a reference, 
Heterodyned Ultrafast Nonlinear Spectroscopy
In this work, nonlinear signal characterization is described for three third-order spectroscopies:
HDVE, DPP and DVE. Each of these intensities is obtained from a sequence of three resonant excitation pulses, separated by time intervals  1 and  2 . The signal is radiated during  3 . DVE spectroscopy is a homodyne technique that measures the signal field squared. DPP is a self-heterodyned technique whose intrinsic LO is always time-coincident with the signal, but may be affected by transmission through the sample. The three third-order spectra can be described using signal and LO electric field amplitude and phases as
where the cross-terms have been isolated for HDVE and DPP. As is shown in eq. 2.3, heterodyne detection produces a cosine term that contains phase and amplitude information. Interfering with an LO provides an amplified signal that scales linearly with e LO , e sig , and the chromophore concentration.
Additionally, DVE and DPP spectra can be extracted from the HDVE spectrum; once the amplitude e LO e sig , phase Δ(ω), and LO delay  LO ω have been extracted, the DVE spectrum is recreated from (e LO e sig ) 2 and the DPP spectrum is recreated from e sig e LO cos(Δ(ω)).
B. Separation of amplitude and phase
The most challenging part of full signal characterization is the separation of the amplitude and phase components of the measured intensity cross term. We use two distinct methods for extracting these components from the measured HDVE and HFID: Fourier transform spectral interferometry (FTSI) 9,11-14 and phase modulation spectral interferometry (PMSI). Each method extracts the signal field by acquisition of a signal interferogram after introducing a known, frequency-dependent phase shift,  LO ω. In FTSI, the spectral interferogram is Fourier transformed back into the time domain, where Kramers-Kronig relations allow for calculation of the imaginary component, S". In PMSI, the local oscillator time delay, and therefore phase, is sinusoidally cycled to extract the imaginary component.
Both of these techniques (illustrated in Fig. 1 ) are advantageous because of their simplicity. Each only relies on moving one delay and acquiring the spectral interferogram with an array detector. Other techniques, such as dual-quadrature spectral interferometry and phase-cycling require frequency independent phase control, which is achieved with waveplates 12 or by pulse shaping 15 , respectively.
Fourier Transform Spectral Interferometry
In FTSI, we use a Kramers-Kronig relationship to relate real and imaginary components of the spectral interferogram. For discussion, we define the double-sided FT, F ,
and its conjugate single-sided inverse FT,
where Z may be real or complex. 
. By windowing off one component, the symmetry is broken and the full complex spectrum S is recovered after FT back to the frequency domain:
is the windowing function. In our case, this is chosen to be the Heaviside step function, H(0), which removes both DC noise and the negative time signal.
Phase Modulation Spectral Interferometry
The signal amplitude and phase may also be extracted through phase modulation spectral interferometry (PMSI). In this technique, a small time step, 2 dτ, modulates τ LO to create a frequency-9 dependent phase shift that allows for the separation of the real and imaginary parts of the heterodyned intensity based on trigonometric relationships:
After taking the sum and difference, the sin(dτω) and cos(dτω) are divided out to leave the desired complex HDVE or HFID intensities. Noise between S'(ω;τ LO +dτ) and S'(ω;τ LO -dτ) and inaccuracies in dτ timing may result in high frequency oscillations in the extracted amplitude and phase.
III. Experimental
The heterodyne techniques were tested with the acquisition of a series of small protein The DVE signals were generated by three time-coincident pulses in a boxcar geometry. Unless noted HDVE spectra were acquired by heterodyne detecting the DVE signal by overlapping with an external LO. The DPP was collected with two time-coincident pulses in a noncollinear geometry. The DPP signal is intrinsically self-heterodyned without an external LO. The HFID signal was generated by a single pulse transmitted through the sample and overlapped with an external LO. Pulses were delayed using retro-reflectors mounted on translation stages (ANT-50L, Aerotech) with accuracies of +/-0.7 fs.
The HFID and HDVE spectra were collected at  LO = 4.000 ps, which provides FTSI time-domain separation for our detection resolution, and at PMSI dfs, which introduces ~π/2 phase shift. The DVE spectrum is background free, but scatter was removed by subtracting the background generated by chopping consecutive shots of an excitation beam. The  LO =0 was initially set at the time where the HDVE matched the independently measured 2-beam DPP.
The spectral interferogram, S' (eq 2.3), was isolated from the measured intensity, I (eq 2.2), after subtracting the squared terms. For HFID, HDVE, and DPP, the e LO 2 homodyne term (eq 2.2) was measured by chopping an excitation beam to remove the signal in consecutive shots. For HDVE and DPP, the e sig 2 term was ignored because e sig 2 << S'. For HFID, e sig 2 was subtracted through balanced detection. 8, 16 For the single-shot HDVE measurements, the e LO 2 and e sig 2 terms were subtracted using a reference spectrum measured in advance.
The in-phase and in-quadrature components of the heterodyned intensity were used to extract the phase and amplitude. The amplitude was calculated from the modulus squared of the complex spectrum. The phase was calculated using
Due to the cosine nature of the measured heterodyned intensity, only |mod(phase,2π)| is measured and an unwrapping procedure was applied to obtain the relative offset. The τ LO was corrected in data processing by up to 4 periods (80 fs) to maximize agreement between the 2-beam DPP and the DPP extracted from the HDVE. Relative times were determined within 0.7 fs (200 nm, /30) from the stage encoder. Slight differences between the directly collected DVE and DPP and their HDVE-extracted counterparts can be attributed to phase and amplitude differences between the external LO and the selfheterodyning beam, which passes through the sample. The LO shaping effects can be corrected through characterization of the HFID phase, 14 but we do not because the unchirped external LO allows for a more faithful measurement of the signal phase.
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IV. Results and Discussion
To validate the FTSI and PMSI methods, we measured complex HDVE and HFID spectra and compared the extracted results with experimental DVE, DPP, IR, and FTIR spectra. The results are shown in Figure 2 . Agreement between the conventionally collected and heterodyne-extracted spectra indicated that the DVE and linear IR spectra were readily obtained and faithfully reproduced from the HDVE and HFID spectra, respectively. The DPP may also be recreated with knowledge of τ LO .
Although determination of τ LO was based on matching the HDVE spectral interferogram to the 2-beam DPP, other promising techniques, such as interferometric autocorrelation between the LO and a pinholescattered beam at the sample position 17,18 , may be used to determine τ LO with <1 fs accuracy without the 2-beam DPP spectrum. Slight inconsistencies between the spectra are attributed to slight phase and amplitude differences between the internal and external LO. Therefore, a  LO of at least a few pulsewidths is ideal.
For PMSI, the maximum | LO | is limited to the Nyquist period by undersampling, but there are no restrictions on the minimum. The time step, 2 dτ, should be chosen so that the center frequency is shifted by ~ π/2+ nπ, where n is an integer, and the phase shifts across the spectrum are within ±π/4 of the central frequency shift to avoid zero crossings in sin(dτω) and cos(dτω). Oscillations in our extracted PMSI spectra indicate noise and errors in timing. To correct for inaccuracies in measured time delays, the HFID timings d were adjusted in data processing by up to 0.5 fs to remove oscillations from the PMSI extracted absorbance and phase spectra.
Extension to Combination Methods
Combinations of the FTSI and PMSI methods described above can be used to eliminate noise and subtract away homodyne components. This, in some cases, precludes the need for a chopping scheme. FT/PMSI and PM/FTSI use FTSI followed by PMSI, or vice versa, to calculate the complex spectrum from S'(ω;τ LO +dτ) and S'(ω;τ LO -dτ). Both methods are shown schematically in Figure 1 . The combination methods are advantageous because they rely on subtraction, which allows for removal of noise and homodyne components. When combined with balanced detection, which measures the 0 and π phase components of the signal, the FT/PMSI calculates and appropriately subtracts the π/2 and 3π/2 components in a method analogous to NMR quadrature detection with a similar resulting reduction in noise. Through subtraction, the PM/FTSI method removes the e LO 2 and e sig 2 terms from the measured intensity, which allows for the extraction of the amplitude and phase without chopping and without balanced detection. The FT/PMSI and PM/FTSI methods are used to extract the DPP, DVE, and IR spectra of concanavalin A as shown in Figure 2 .
As our results show, the FTSI reproduces the spectra with the greatest fidelity. FTSI can be done with a single laser shot, but applying eq. 2.15 to truncated spectra adds noise and ripples. PMSI does not rely on Kramers-Kronig relations, and truncation does not affect the characterization, but inaccuracies in timing and noise between time-stepped spectra leads to ripples in the recovered phase and amplitude. Improvements in the accuracy of time-stepping beyond the λ/30c resolution here, in addition to shot-to-shot  LO modulation, can be implemented with piezoelectric actuators. Given ideal collection schemes with improved  LO stepping and frequency detection that spans the transition of interest, the FT/PMSI and PM/FTSI extracted spectra should best match the conventional spectra and have the least noise.
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A further characterization of the detection linearity is shown in Fig. 3 . The linear concentration dependence of the HDVE amplitude and square concentration dependence of the DVE amplitude are verified by plotting the measured DVE intensity and FTSI-extracted e sig e LO intensity at varying concentrations of NMA, as shown as a log-log plot in Fig. 3a . The linear fits indicate the expected linear and squared dependencies for the HDVE and DVE intensities. For our laser stability and 15 bit detection depth, heterodyne detection of the DVE increases the measured intensity by a factor of 5, which not only allows for simultaneous extraction of DPP and DVE spectra of μM protein samples, but also indicates that equivalent signal to noise measurements can be made in less than twice the time of current DVE and DPP collection techniques.
As an example of an HDVE application, Fig. 3b shows a comparison of the melting curve for thermal unfolding of ubiquitin extracted using singular value decomposition analysis on a set of DVE and HDVE spectra acquired at temperatures spanning the unfolding temperature. This measurement is desirable for obtaining a measure of the folded population at different temperatures. The importance of the linear detection is illustrated by the sharper transition observed by HDVE. This can be rationalized considering that the DVE is proportional to the amplitude squared, while the HDVE is linearly proportional to the amplitude.
The sensitivity of HDVE for protein applications is illustrated through a characterization of the equilibrium constant for the monomer-to-dimer transition of insulin (Fig. 4) . 
V. Conclusion
Heterodyne detection is a powerful technique that amplifies signals, allows for measurement of the amplitude and phase and generates a measurement that is linear to the electric field of the signal, which is in turn linear in concentration. The tradeoff is additional complexity in alignment, and an ambiguity in the absolute timing between LO and signal. We have demonstrated that HDVE is a one dimensional complement to 2D IR, which can be applied in single-shot mode. Through FTSI, PMSI, or a combination of the two, both the linear and third-order signal can be completely characterized as an amplitude and a phase, which allows for simultaneous extraction of the DVE and DPP or IR absorbance spectra. PMSI was also introduced as a complementary phase and amplitude determination technique that does not rely on pulse shapers or FT calculations. HDVE will be particularly valuable in experiments that have previously relied on DVE and DPP measurements, such as low concentration 15 protein studies and low repetition rate temperature jump experiments, in which signal to noise ratios are small.
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